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1. The Lagrangian density for a system consisting of a real scalar and two types of Dirac fermion
in four dimensions is given by

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 +

∑
i=1,2

ψi(iγ
µ∂µ −m)ψi − gφψiψi

(a) [4 marks] Write down the momentum space Feynman rules assuming Minkowski space-
time.

(b) [6 marks] Draw the tree-level Feynman graphs, including momentum labelling, for the
following processes: i) scattering of a type 1 fermion and a type 2 fermion, ii) scattering
of two type 1 fermions, iii) scattering of a type 1 fermion and a type 1 anti-fermion.

(c) [7 marks] A type 1 fermion with spin and four-momenta s1, p1 scatters off a type 2 fermion
with spin and four-momenta s2, p2 producing a type 1 fermion with spin and four-momenta
s3, p3 and a type 2 fermion with spin and four-momenta s4, p4 . Write down a formula for
the matrix element M s1,s2,s3,s4

p1,p2,p3,p4 corresponding to your diagram in question (b)i. Explain
why the total amplitude squared for the scattering of unpolarised particles to a final state
of any spin is given by

|M |2 =
1

4

∑
s1,s2,s3,s4

|M s1,s2,s3,s4
p1,p2,p3,p4 |

2

Show that

|M |2 = g4
(

4m2 − q2

m2 − q2

)2

where q2 = (p1−p3)2. You may assume that
∑

s u
s
a(p)u

s
b(p) = (/p+m)ab for Dirac spinors

us(p).

(d) [8 marks] Consider the Green’s function with n external scalar lines of momenta p1, . . . pn
and no external fermions lines, Gn(p1, . . . pn; g,m), where we have displayed explicitly the
dependence on the mass and the coupling constant. The näıve scaling dimension dS
is defined by the behaviour of the Green’s function when all masses and momenta are
rescaled by a factor λ through

Gn(λp1, . . . λpn; g, λm) = λdSGn(p1, . . . pn; g,m).

By analysing a general Feynman graph with n external scalar lines, nv vertices, nf internal
fermion lines and ns internal scalar lines, show that dS = 4 − n. Discuss the superficial
divergence of graphs and the counter-terms required to renormalize this theory.

2. Consider the complex scalar fields

φ(x) =

∫
d3p

(2π)3
1√
2Ep

(
b†−p + ap

)
eip.x, φ†(x) =

∫
d3p

(2π)3
1√
2Ep

(
a†−p + bp

)
eip.x

where the annihilation and creation operators satisfy the standard commutation rules. The
Hamiltonian and a new operator Q are given by

H =

∫
d3p

(2π)3
Ep(a†pap + b†pbp), Q =

∫
d3p

(2π)3
(ap − bp)(a†p − b†p).

(a) [5 marks] Show that

[Q, aq + sbq] = −(1− s)(aq − bq), [Q, a†q + sb†q] = (1− s)(a†q − b†q)

where s is a real constant.
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(b) [5 marks] Define Cλ = eiλQ where λ is real. For operators A such that [Q,A] = cA where

c is a constant show that A(λ) = CλA C†λ satisfies

∂A(λ)

∂λ
= icA(λ).

Solve this differential equation to find A(λ) in terms of λ and A.

(c) [7 marks] Using the result of parts a) and b) show that

Cπ
2
φ(x) C†π

2
= φ†(x)

and deduce that therefore Cπ
2

can be identified as the charge conjugation operator. What

is Cπ
2
H C†π

2
?

(d) [8 marks] The parity operator P has the property that

Pφ(x)P† = φ(−x).

What is the action of P on annihilation and creation operators? For a single real scalar
field find a representation for P in terms of annihilation and creation operators.

3. The path integral for the generating functional of a real scalar field theory in 4 dimensions is
given by

Z[λ; j] =

∫
Dφ exp

(
i

∫
d4x

[
1

2
∂µφ∂µφ−

1

2
(m2 − iε)φ2 − λ

3!
φ3 + jφ

])
(a) [10 marks] By formally expanding the relevant exponentials, differentiating and resum-

ming, show that

Z[λ; j] = exp

(∫
d4y

λ

3!

δ3

δj(y)3

)
Z[0; j].

Show that

Z[0; j] = Z[0; 0] exp

(
− i

2

∫
d4x

∫
d4y

∫
d4p

(2π)4
j(x)j(y)e−ip·(x−y)

p2 −m2 + iε

)
.

What is the role of the iε term in this quantity?

(b) [7 marks] Write down an expression for the expectation value of T
∏m
i=i φ(xi) in terms of

Z[λ; j] and explain how combinatorial factors arise in the Feynman graph expansion.

(c) [8 marks] Compute the combinatorial factors for the following graphs:

A15088W1 Page 3 of 3 End of Last Page


