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1. Consider a free field theory in Minkowski space with real scalar fields ¢, £k = 1,2, and
Lagrangian density

1 1 1
Lo = 3 L $10% $1 + §3u¢25“¢2 - §m2(¢% + ¢3).

(a) [7 marks|] Show that this Lagrangian has a symmetry generated by the infinitesimal vari-
ations

¢1 — ¢1 + a o, P2 = P2 — .
Using Noether’s theorem find the conserved charge Q) associated with this symmetry.

[The Noether current associated to a continuous symmetry is given by

oL - -
M: —_— — H 3 g K
J gk 5(8u¢k)5¢k JH, with 6L = 0, J" .

/

(b) [10 marks] Assuming now that the field theory is canonically quantized, express @ in
terms of the fields ¢ and the conjugate momenta 7. Using the expansions

R 35 o
¢k(x) — f gﬂ)S 1 (ak,ﬁ + az’iﬁ) P

(%) —if (%)3\/ (ak aL_ﬁ) ¢iP%
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Q:_Z/ (2)3 (ah 51— ol gz -

Find one-particle states that are eigenstates of ), and determine their eigenvalues.

show that

(c) [8 marks] Suppose that the interaction term

Lint = )\¢4—2’f¢1¢2 )\d);la

is added to L£9. Which inequalities must A and x satisfy for the interacting theory to
have a stable vacuum (for the purpose of this exercise you can assume that the potential
does not acquire quantum corrections)? For which values of A and « is the charge @ still
conserved in the interacting theory?

2. A real scalar field theory in D-dimensional Euclidean space has Lagrangian

Aok 2k

52* 000" Po + m0¢0+( 2%)! 0 >

where k > 1 is a positive integer.

(a) [4 marks|] Assuming that the action is a dimensionless quantity, find the mass dimension
of the coupling A\o;. By introducing a regularization mass scale p define a dimensionless
coupling constant gof.

(b) [4 marks] Explain (without derivation) a set of rules for calculating the N-point Euclidean
momentum space Green’s function GW) (p1,.-.,pn). Your answer should explain which
types of diagrams one needs to consider and how to associate an algebraic expression to
each diagram.
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(¢) [7 marks] The n-point vertex function T™)(py, ..., px) is defined as

N
- 1
G(N)(p17)pN) = H <> X F(N)(pla 7pN) .

2 2
" +m
j=1 pj+

For an arbitrary integer k£ > 1, draw the connected Feynman diagram which contributes to

the two-point function I'®)(p1, p) at linear order in go and evaluate it using dimensional
4—

regularization. Find the leading divergence in four dimensions as a pole in € = =5=.

[You may make use of the Gamma function expansion
" /1 1 1

S (PRI S +0O(x),
n! T 2 n

MN(—n+2x)=

and of the following integral:

D
2

forn = 2
/

(d) [6 marks] Consider the following change of variables
bo=VZ¢,  Zmi=m’+0om*,  Z"\gp = dop + Aok,

where Z = 14 6Z. Implement this in the Lagrangian and write down the explicit form of
the counterterm contribution to the propagator. Setting k = 2 and using the result from
part ¢) write down the one-loop contribution to 6Z and ém? in the minimal subtraction
scheme.

(e) [4 marks] Set D = 4 — 2¢ and k = 2. Assuming that the two-loop contribution to the
field renormalization is

572 — 9721
6(3272)2 ¢’

find the anomalous dimension ~(g4) for the field ¢ up to order g2 using the formula

0
v(g4) = o log Z|, -

3. Consider a quantum field theory in D space-time dimensions.

(a) [6 marks| By exhibiting the relevant Feynman diagrams, but without performing a de-
tailed calculation, explain why in ¢ theory the bare coupling \g is related to a renormal-
ized dimensionless coupling g by the formula

D C
Ao = (u?)>% <g+92 +> :

D—4
where p is a mass scale parameter and C' is a constant which you are not required to
calculate.
(b) [6 marks] You may assume that
C—__3_
o 16w

Show that if y is varied but the theory remains unchanged then the renormalised coupling
must change in the following way

dg
where, to order O(g?),
L 2
8lo) = —(4— D)y + zog”.
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(c) [6 marks] Using the explicit form of the S-function show that in four dimensions

39s H o
=g, (1— log =
9(1) = gs < 6.2 108 us> :

where g, is the value of the renormalised coupling when p = pus.

(d) [7 marks] Consider a situation where a more detailed knowledge of the function 3(g)
reveals that it has a zero at g = ¢g*. Explain the ideas of ultraviolet and infrared stability
in relation to the fixed point g*. Show that when D < 4 the ¢* theory at order O(g?) has
an infrared stable fixed point at

1672

g=(l-D)—.

4. Consider the following action for an interacting complex scalar field in D space-time dimensions

1 1 1
S = /le‘ (26@8%* - §m2¢¢7* - 4>\(¢¢*)2> .

(a) [8 marks| For free theory, i.e. A = 0, the field can be canonically quantized and expanded
in the Heisenberg picture as

&p 1 : :
_ _ipw T _—ipx
oe) = / (2n)% \/2E (age™® + 8¢ ™) o

3 —
o (z) = / i (ate_ip'“” + b~eip'x) ’
(2m)% \/2E5 \ P 3 po=FE5’

in terms of two sets of harmonic oscillators with commutation relations

lag, al] = [bs,b5] = (2m)°6° (B — @), [ag, ag] = [a, al] = [b5, bg] = [bL, bL] = 0.

L

Consider all possible propagators

O[T{(z)o(y)}0), (O[T{p(x)e"(y)}|0), (O[T{¢"(x)o(y)}0), (OIT{d"(x)¢"(y)}|0),
where T{¢(x)p(y)} denotes time ordering, and evaluate them in free theory. Express your
results in a manifestly Lorentz invariant form and relate them to the Feynman propagator.

(b) [9 marks] The N-point correlation functions in interacting theory are defined using path
integrals as

* eiS
(®(y1) ... D(yn)) = I D¢D¢f ;{;g;))q;*' ;;(ym ,

where ®(y;) can be either the field ¢(y;) or its complex conjugate ¢*(y;).

(%)

Decompose the action into the free-field and the interacting part and write e’ as a power
expansion in A\. Write the numerator and the denominator of the N-point correlator (x)
as a sum of free-theory correlators. Using Wick’s theorem and the explicit form of free-
theory two-point correlation functions you found in part a) to evaluate the numerator and
the denominator of (¢(y1)¢*(y2)) up to order A. Do not attempt to perform space-time
integrals. Give a diagrammatic representation of various terms in the expansion. Show
that (¢(y1)¢*(y2)) receives contributions only from connected diagrams.

(c) [8 marks] Consider all four-point correlation functions (®(y;)®(y2)®(y3)®P(y4)) in this
theory and argue which of them evaluate to zero. Choose a four-point correlation function
which does not evaluate to zero and determine all connected graphs, complete with their
appropriate symmetry factors, which contribute to this correlation function up to order
A2, Write down your answer in terms of D-dimensional space-time integrals. Do not
attempt to perform these integrals.
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