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1. Consider the following Lagrangian density for an interacting real scalar field

£ = 30,008 0(a) = GmPeR(a) = o'(a). .

Under a dilation transformation with parameter «, space-time coordinates and the field ¢(z)
transform as
ot — o' = e%zH,

¢(z) = ¢'(z') = e ().
The Noether current associated to a continuous symmetry is given by

w_ 0L 09
= 5(0,40) oo

—JE, with 6L = 50 0, T .

(a) [4 marks] Obtain the equation of motion for the field ¢(x).

(b) [6 marks] The canonical energy-momentum tensor 7}’ is defined as the Noether current
for space-time translations. Show that it takes the form

oL
TV =
Y 6(0u9)

and calculate it explicitly for the Lagrangian density (x).

Oy — 6L,

(¢) [6 marks] Consider a new symmetric energy-momentum tensor according to the following
definition
O =T + C(0"0” — " 9°0,)¢* ().

Determine the constant C' such that, for the massless case m = 0, the traceless condition
holds
N W = Qﬁ =0.

(d) [9 marks] For the massless case m = 0, show that the four-dimensional action

S—/ﬁ%c

is invariant under the dilation transformation. Calculate the Noether current j#(x) asso-
ciated to the dilation transformation and show that it is conserved.
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2. Consider a free real scalar field, in the Schroedinger picture,

where 7(Z) is the momentum conjugate to ¢(Z) and
[ap,m} = (2m)°8° (P - @) , lag,aq] =0, [‘I; aﬂ =

(a) [5 marks] Use the commutation relations for the creation and annihilation operators to
deduce the canonical commutation relation for [¢(Z), 7(¥)].

(b) [5 marks] Describe how states in the free-field Hilbert space are built using ay and a;g..
In particular, define the vacuum |0), single-particle |p) and n-particle |p1, ..., p,) states.
Show that the particles are bosons, namely

|ﬁla e aﬁn> = |ﬁo’(1)7 s 7ﬁa(n)>7

for any permutation o.

(c¢) [4 marks] The Hamiltonian and momentum operators, after normal ordering, can be writ-
ten in the form

3—»
H/dEaa

- d3_'

Determine from these the energy and momentum of the states |0) and ]E>

(d) [5 marks] Show that one can normalise the one-particle states such that

(plp") = 2E5 (2m)*6° (5 — ).

Show that the right hand side is Lorentz invariant.

(e) [6 marks] Write down the expansion of a scalar field in the Heisenberg picture in terms
of creation and annihilation operators and show that the Feynman propagator

Ap(z —y) = (0IT{p(x)(y)}10)

is a Green’s function of the Klein-Gordon equation.
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3. Consider a scalar field theory with the cubic interaction in the D-dimensional Minkowski space.
The action of the theory is given by

1 1 1
_ D, (1 w22 3
S—/d $<28M¢8¢> 2m¢) 3!)\<;5>.
The N-point correlation function is defined using path integrals as

D¢ d(y) ... plyn)e™
o fD¢ etS :

(a) [4 marks|] Assuming that the action is a dimensionless quantity, find the mass dimension
of the field ¢ and the coupling constant A in D dimensions. Find the critical dimension
D, for which the coupling constant A is dimensionless. What is the mass dimension of ¢
in D, dimensions?

(p(y1) - - d(yn))

()

(b) [7 marks] Decompose the action into the free-field and the interacting part and write ¢
as a power expansion in A\. Write the numerator of the N-point correlator (**) as a sum
of free-theory correlators. Using Wick’s theorem evaluate the numerator of the one-point
correlator up to the order A2. Do not attempt to perform space-time integrals. Give a
diagrammatic representation of various terms in the expansion.

(c) [8 marks] Using Wick’s theorem evaluate (¢(y1)#(y2)) up to the order A2. Do not attempt
to perform space-time integrals. Give a diagrammatic representation of various terms in
the expansion.

(d) [6 marks] Draw all connected diagrams contributing to (¢(y1)¢(y2)¢(ys)) up to the order
A3 and determine their symmetry factors.
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4. Consider a scalar field theory in the D-dimensional Minkowski space with Lagrangian density
1 1 1
_ 4L wa o +o2,2 1 4
£—2 Mologto 2m¢ 4!)\0¢ .

(a) [4 marks] Write down the momentum-space Feynman rules for this theory. Draw the one
loop connected one particle irreducible Feynman graphs with two and four external lines.

(b) [7 marks] Show that, for k, a D-dimensional vector

; D 1 _ 1 1 . B . n_,
(QW)D/d k(k2+m2)n (n—l)!(4ﬂ)§ F( 2) ( ) .

Using this verify that

1 1 1
(2n)? / L (e (e R

The Gamma function is defined for Ra > 0 by

as e€e=4—-—D —0.

F(a):/ dss* le™®
0

and satisfies T'(a+ 1) = al'(«a) with T'(1) = 1. You may also wish to use the formulae

o0 _ o0 o I'(c) 1 1 1
d 22 — d a—1 bs _ -\ / d -
/ e VT /0 s o y CGAY(1-2B)? AB

—00

(c) [10 marks] Show that we may cancel the one loop divergences which arise for ¢ — 0 in
the two- and four-point functions by adding to £ the following counter-term

1 A\om?
2 1672¢

1 3N

_ 2 - 4
Lot = TR T

(d) [4 marks] Define the dimensionless renormalised coupling g and determine the function
~ dg
Blg) = p—
W =rg|

to one-loop, as a function of g.
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