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1. The Boltzmann equation for a distribution of particles with unit mass and unit charge in an
electric field E and magnetic field B with the Bhatnagar–Gross–Krook collision operator is

∂f

∂t
+v · ∇f +(E+v×B) · ∇vf = −1

τ

(
f − f (0)

)
, where f (0) =

ρ

(2πθ)3/2
exp

(
− |v − u|2

2θ

)
,

and τ is a positive constant. The electromagnetic field is written in units for which the speed
of light does not appear in this equation. You may assume that the electromagnetic field is
prescribed, and unchanged by the particles.

(a) [3 marks] Give physical interpretations of the quantities ρ, u, θ, and explain how they
are calculated from f .

(b) [4 marks] Show that the quantity H =
∫
f log f dv satisfies an equation of the form

∂H

∂t
+∇ · J = S.

Give expressions for J and S in terms of f , and show that S ⩽ 0.

(c) [8 marks] Derive evolution equations for ρ and ρu, and show that the momentum flux Π
obeys an equation of the form

∂

∂t
Πij +

∂

∂xk
Qijk − ρ(uiEj + ujEi) + ΠikϵkjlBl +ΠjkϵkilBl = −1

τ

(
Πij −Π

(0)
ij

)
. (†)

Give an expression for the tensor Q in terms of f .

(d) [10 marks] Now suppose that the electric field is zero, the magnetic field B = Bk̂ is
constant and in the z-direction, and the distribution function f is spatially uniform.

Show that (†) has solutions of the form Πij = pδij + Tij with p = ρθ constant and u = 0,
provided T satisfies

∂T

∂t
+B

 −2Txy Txx − Tyy 0
Txx − Tyy 2Txy 0

0 0 0

 = −1

τ
T.

Hence show that T can undergo decaying oscillations, and find their frequency.

Why are these solutions with u = 0 consistent with the momentum evolution equation?
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2. Consider a plasma consisting of electrons (mass me, charge qe = −e, density ne, temperature
Te) and ions (mass mi, charge qi = Ze, density ni, temperature Ti) in a one-dimensional,
spatially homogeneous, constant in time, static (no mean flows) Maxwellian equilibrium. Allow
infinitesimal perturbations of both electron and ion distribution functions, fα = f0α + δfα,
where α = i, e, and where f0α = nαe

−v2/v2thα/
√
πvthα, and vthα =

√
2Tα/mα (nα and Tα are

both constant in space and time). Allow also infinitesimal electric perturbations E = −∂φ/∂x
and no magnetic fields, either in equilibrium or perturbed.

(a) [5 marks] Starting from linearised, collisionless kinetic equation for the perturbed ion
distribution function, show that the perturbed ion density δni =

∫
dv δfi and flow velocity

ui = (1/ni)
∫
dv vδfi satisfy the following “fluid” equations

∂δni

∂t
+ ni

∂ui
∂x

= 0, (1)

mini
∂ui
∂t

+
∂δpi
∂x

− ZeniE = 0, (2)

where δpi =
∫
dvmiv

2δfi is the perturbed ion pressure. Assuming the ions are cold (Ti ≪
Te), you may henceforth neglect the contribution of the ion pressure to the momentum
equation.

(b) [5 marks] Consider perturbations with frequencies ω and wave numbers k such that ω ≪
kvthe. Argue therefore that the linearised, collisionless kinetic equation for the perturbed
electron distribution function can be approximated by

v
∂δfe
∂x

− e

me
E
∂f0e
∂v

= 0. (3)

Hence show that the sole restoring force acting on the ion-flow perturbation is provided
by the electron pressure gradient. Why are electron and ion dynamics different?

(c) [5 marks] Solve (3) and show also that electrons are isothermal, viz., that their perturbed
pressure is related to their perturbed density via δpe = Teδne. Why is this different from
what happens in Langmuir waves?

(d) [5 marks] Using Poisson’s law and assuming kλDe ≪ 1, where λDe is the electron Debye
length, relate δne to δni and show that the ion fluid equations reduce to

∂2δni

∂t2
=

ZTe

mi

∂2δni

∂x2
(4)

and the same equation for ui. What kind of waves are described by this equation?

(e) [5 marks] Without derivation, explain by what mechanism(s) these waves will be damped
in a collisionless plasma and why this damping has not been captured by the above
derivation? Which terms that we neglected contained the damping effects? Under what
physical conditions would sound waves be heavily damped on the ions?
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3. We consider a 3D stellar system composed ofN particles of individual massm, coupled through
the pairwise gravitational interaction U(x,x′) = −G/|x− x′|.
(a) [3 marks] The system’s instantaneous state is described by the distribution function (DF)

Fd(x,v, t) =

N∑
i=1

mδD(x− xi(t)) δD(v − vi(t)), (5)

and the associated instantaneous potential Φd(x, t). Write down, without derivation, the
two coupled equations that Fd and Φd must satisfy.

(b) [3 marks] The system’s mean-field state is given by F0 =
⟨
Fd

⟩
, and H0 = |v|2/2 + Φ0(x),

with Φ0 =
⟨
Φd

⟩
. State the meaning of the symbol ⟨ · ⟩. Assume that the system is in

an integrable equilibrium, associated with some angle-action coordinates (θ,J). Give two
properties of angle-action coordinates. What can you say about F0 and H0 in angle-action
coordinates?

(c) [5 marks] Instantaneous perturbations in the system’s DF and potential are respectively
denoted as δF (x,v, t) and δΦ(x, t). Write down the equation giving the time evolution
of δF at first order in the perturbations, and write it down explicitly in angle-action
coordinates. Explain briefly the physical meaning of each term.

(d) [3 marks] The Laplace-Fourier transform is defined to be

δF̃k(J, ω) =

∫ +∞

0
dt eiωt

∫
dθ

(2π)3
e−ik·θ δF (θ,J, t), (6)

with k ∈ Z3. Stating clearly all your assumptions, show that the time evolution equation
for δF can be rewritten as

δF̃k(J, ω) = − k · ∂F0/∂J

ω − k ·Ω(J)
δΦ̃k(J, ω)−

δFk(J, 0)

i(ω − k ·Ω(J))
, (7)

where you should provide the definition of Ω(J).

(e) [5 marks] In the long-term, the perturbations present in the system drive a long-term
evolution of the system’s overall orbital structure. Show that it is governed by

∂F0(J, t)

∂t
= − ∂

∂J
·
[∫

dθ

(2π)3

⟨
∂δF

∂θ
δΦ

⟩]
. (8)

(f) [6 marks] Assume that a population of massless tracer particles, described by the mean-
field DF, G0(J, t), also orbits within the stellar system. Stating clearly all your assump-
tions, show that the tracer population undergoes an orbital relaxation described by

∂G0(J, t)

∂t
=

∂

∂J
·
[
D2(J) ·

∂G0

∂J

]
, (9)

where the diffusion tensor D2(J) is independent of G0(J, t). [An explicit expression for
D2(J) is not required.] Discuss the particular form of equation (9).
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