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1. Consider a Hamiltonian system of N particles of unit mass interacting through a pairwise po-
tential φ. Any function F of the particle positions xi, velocities vi, and time evolves according
to

dF

dt
=
∂F

∂t
+ {F,H},

where

H =
1

2

N∑
i=1

|vi|2 +
∑

16i<j6N

φ(|xi − xj |),

and

{A,B} =

N∑
i=1

(
∂A

∂xi
· ∂B
∂vi
− ∂B

∂xi
· ∂A
∂vi

)
.

(a) [3 marks] Write down the evolution equation for the N -particle density ρ. Define the
1-particle and 2-particle densities ρ1 and ρ2, and the distribution functions f1 and f2.
Give a brief justification for the definitions of the latter.

(b) [10 marks] By rewriting the Hamiltonian as a sum of three terms, or otherwise, show that
f1(x1,v1, t) evolves according to

∂f1
∂t

+ {f1, H1} =

∫
dV2

∂f2
∂v1
· ∂φ(|x1 − x2|)

∂x1
,

where H1 is the single-particle Hamiltonian, and dVi = dvidxi.

(c) [6 marks] Now suppose that the two-particle distribution factorises as

f2(x1,v1,x2,v2, t) = f1(x1,v1, t)f1(x2,v2, t).

Give an interpretation of this condition.

Show that f(x,v, t) = f1(x1,v1, t), with 1 suffices omitted for brevity, obeys the evolution
equation

∂f

∂t
+ v · ∇xf = ∇vΦ · ∇vf, (†)

and find an expression for Φ.

Show that (†) has steady solutions of the form

f(x,v, t) = F (12 |v|
2 +G(x)),

and find an expression for G. Give a brief interpretation of this result.

(d) [6 marks] Derive an evolution equation for

HB(x, t) =

∫
dvf log f,

and comment on your result.

Derive evolution equations for the fluid mass and momentum densities associated with f .
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2. Consider a population of particles of charge q and mass m. Assume that collisions are entirely
negligible. Assume further that an electrostatic fluctuation field E = −∇ϕ (with zero spatial
mean) is present and that this field is given and externally determined, i.e., it is unaffected by
the particles that are under consideration. This might happen physically if, for example, the
particles are a low-density admixture in a plasma consisting of some more numerous species
of ions and electrons, which dominate the plasma’s dielectric response.

(a) [2 marks] Write down without derivation the evolution equation for the particles’ distri-
bution function f(t, r,v). Explain very briefly what physics the different terms represent.

(b) [3 marks] Assume that the distribution function can be represented as f = f0(t,v) +
δf(t, r,v), where the equilibrium distribution f0 is spatially homogeneous and changes
slowly in time compared to the perturbed distribution δf � f0. Show that the evolution
of the equilibrium distribution is described by

∂f0
∂t

= −i q
m

∂

∂v
·
∑
k

k 〈ϕ∗kδfk〉 , (1)

where angle brackets denote time average over the fast variation of the fluctuation field
and ϕk and δfk are the Fourier-transformed fields defined via

ϕ(t, r) =
∑
k

eik·rϕk(t), δf(t, r,v) =
∑
k

eik·rδfk(t,v). (2)

(c) [7 marks] Assume that ϕ is sufficiently small for it to be possible to determine δf from
the linearised kinetic equation. Let δf = 0 at t = 0. Show that f0 satisfies a quasilinear
diffusion equation

∂f0
∂t

=
∂

∂vi
Dij

∂f0
∂vj

, (3)

where the diffusion matrix is

Dij =
q2

m2

∑
k

kikj
1

2πi

∫
dp

1

p+ ik · v

∫ t

−∞
dτ epτCk(τ), (4)

where the p integration is along a contour appropriate for an inverse Laplace transform
and Ck(t− t′) = 〈ϕ∗k(t)ϕk(t′)〉 is the correlation function of the fluctuation field (which is
taken to be statistically stationary, so Ck depends only on the time difference t− t′).

(d) [7 marks] Let Ck(τ) = Ake
−γk|τ | (i.e., γ−1k is the correlation time of the fluctuation field

and Ak its spectrum; assume γ−k = γk). Do the integrals in (4) and show that, at t� γ−1k ,

Dij =
q2

m2

∑
k

kikj
γkAk

γ2k + (k · v)2
. (5)

(e) [6 marks] Restrict consideration to one spatial dimension and to the limit in which γk �
kv for typical wave numbers of the fluctuations and typical particle velocities (i.e., the
fluctuation field is short-time correlated). Assuming that f0 at t = 0 is a Maxwellian with
temperature T0, predict the evolution of f0 with time. Discuss what physically is hap-
pening to the particles. Discuss the validity of the short-correlation-time approximation
and of the assumption of slow evolution of f0. What is, roughly, the condition on the
amplitude and the correlation time of the fluctuation field that makes these assumptions
compatible?
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3. (a) [7 marks] N point particles of mass m move in their collectively generated gravitational
field. Given that the system’s properties change negligibly on a dynamical timescale, show
that 2T +W = 0, where

T =
1

2
m

N∑
α=1

|ẋα|2; W = −1

2
Gm2

N∑
α 6=β=1

1

|xα − xβ|
.

(b) [3 marks] Use this relation to estimate the typical random velocity of stars in a cluster
given that the cluster has a characteristic size R = 5 pc ' 1.5× 1017 m and assuming that
all the cluster’s 105 stars have mass m = 0.8M� ' 1.6 × 1030 kg. Hence estimate the
cluster’s dynamical timescale commenting on the value you obtain.

(c) [5 marks] Why must the velocity distribution at any point in the cluster differ significantly
from a Maxwellian? Why does this difference limit the possible lifetime of the cluster?

(d) [10 marks] Explain the concept of the mean-field model of a stellar system and state
Jeans’ theorem. Write down an equation satisfied by the distribution function (DF) f
of the full-field model. By considering the fluctuations f1(x,v, t) in the actual DF that
occur on a dynamical time around the mean-field DF f0 and the associated fluctuation in
the gravitational potential

Φ1(x, t) = −G
∫

d3x′d3v
f1(x,v, t)

|x′ − x|

show that f0 evolves slowly according to the equation

df0
dt

= −〈[f1,Φ1]〉,

explaining fully the meaning of the symbols on the right.
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