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1. The Lagrangian for scalar electrodynamics has the form

L = −(Dµφ)† (Dµφ)−m2φ†φ− 1
4λ
(
φ†φ
)2
− 1

4F
µνFµν

where Dµ = ∂µ− ieAµ, Fµν = ∂µAν −∂νAµ and the metric is gµν = Diagonal(−1,+1,+1,+1)

(a) [3 marks] What are the counter-terms needed to renormalise the theory?

(b) [2 marks] Draw the Feynman graphs generating the one-loop corrections to the scalar
propagator.

(c) [4 marks] Show that in d = 4− ε dimensions, in the λ = 0 limit, the one loop corrections
to the propagator have the form

iΠφ

(
k2
)

= 4e2µε
∫

ddl

(2π)d
Pαβ (l) kαkβ

l2
(

(l + k)2 +m2
) − 2(d− 1)e2µε

∫
ddl

(2π)d
1

l2 +m2
γ

.

Here µ is a constant with scaling dimension 1, Pµν (l) = gµν−lµlν/l2 and mγ is an infra-red
regulator.

(d) [2 marks] Show that the second term on the right hand side (RHS) vanishes in the limit
mγ → 0 (with ε fixed).

(e) [7 marks] Show that the first term on the RHS can be written as

4e2µε
1∫

0

x

2
dx

∫
ddq

(2π)d
q2k2 − (q.k)2

(q2 +D)3

where D = x(1− x)k2 + xm2.

(f) [7 marks] To O
(

1
ε

)
determine the one-loop counter terms needed to renormalise Πφ

(
k2
)
.

[Feynman rules in the Lorentz gauge:

• For each internal scalar, −i
(k2+m2)

.

• For each internal photon,
−iPµν(k)

k2
.

• For each scalar-scalar-photon vertex, ie(k+k′)µ, where k and k′ are the incoming and
outgoing scalar 4-momenta.

• For each scalar-scalar-photon-photon vertex, −2ie2gµν .

Feynman’s formula to combine denominators:

1

A B
=

1∫
0

dx
1

(xA+ (1− x)B)2

In d = 4− ε dimensions∫
ddk

(2π)d
k2a

(k2 + ∆)b
= i

1

(4π)d/2
1

∆b−a− d
2

Γ
(
a+ d

2

)
Γ
(
b− a− d

2

)
Γ (b) Γ

(
d
2

)
where Γ (ε) = 1

ε +O(ε0). ]
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2. (a) Consider a field theory of a real pseudoscalar field φ(x) coupled to the electron field ψ(x).
The interaction Lagrangian is

Lint = −iλψ (x) γ5ψ (x)φ (x)

where λ is a real coupling constant.

(i) [3 marks] Show that the generating functional can be written as

Z[J, ς, ς] =

∫
DφDψDψ exp

(
iLint

(
1

i

δ

δJ(x)
, i

δ

δς(x)
,
1

i

δ

δς(x)

))
Z0[J, ς, ς]

given that

Z0[J, ς, ς] = exp

(
− i

2

∫
d4xd4yJ(x)∆(x− y)J(y)

)
. exp

(
−i
∫
d4zd4w ς(z)SF (z − w)ς(w)

)
is the generating functional for the free theory and ∆F (y − x) and SF (y − x) are the
scalar and fermion propagators respectively.

(ii) [6 marks] Show that, to leading order,

〈0|T
[
φ(y)ψρ(z)ψσ(ω)

]
|0〉 = λ(γ5)αβ

∫
d4xi∆F (y − x) [iSF (x− ω)βσiSF (z − x)ρα

−iSF (0)βαiSF (z − ω)ρσ]

Why are there two terms in the time ordered product?

(b) Define T to be the scattering amplitude for the process q(k1)q(k2) → t(p1)t(p2) (where
q 6= t is any light quark and t is the top quark).

(i) [8 marks] At O(α2
s) in the strong coupling, αs, show that

|T |2 ∝ Tr[γµ(�p2 −M)γα(�p1 −M)].T r[γµ�k1γ
α
�k2]

where Tr[..] denotes the trace. Determine the constant of proportionality.
In your calculation, average over initial colours and spins and sum over final colours
and spins. You may assume the initial quark and anti-quark are massless, but do not
neglect the mass, M , of the top quark.

(ii) [8 marks] Evaluate the traces and determine |T |2 in terms of the centre-of-mass en-
ergy

√
s and the squared four momentum t, where s = −(k1+k2)2 and t = −(k1−p1)2.

[ Tr
(
T aT b

)
= 1

2δab

T aijT
a
kl = 1

2

(
δilδjk − 1

3δijδkl
)

In the Rξ gauge with metric gµν = Diagonal(−1,+1,+1,+1) the gluon propagator has
the form

∆̃ab
µν

(k) = −i δab

k2 − iε

(
gµν −

kµkν
k2

+ ξ
kµkν
k2

)
and the gluon quark vertex is given by igγµT aij .]
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3. (a) The Lagrangian describing a spontaneously broken abelian gauge theory has the form

L = −(Dµφ)†Dµφ− V (φ)− 1
4F

µνFµν

where Dµ = ∂µ − igAµ, the potential is given by

V (φ) = 1
4λ
(
φ†φ− 1

2v
2
)2
,

and φ is a complex scalar field that, after spontaneous symmetry breaking, has the form
φ = 1√

2
(v + h+ ib) where h and b are real scalar fields.

The Rξ gauge is defined by adding the gauge fixing and ghost terms of the form

Lgf + Lgh = −1
2ξ
−1G2 − c∂G

∂θ
c

where
G = ∂µAµ − ξgvb

and θ parameterises an infinitesimal gauge transformation,

Aµ → Aµ − ∂µθ,
φ → φ− igθ φ.

(i) [5 marks] Explain the origin of the ghost term.

(ii) [5 marks] Determine the mass and coupling of the ghost field.

(b) Consider a spontaneously broken SU(2)×U(1) gauge theory with a Y = 0, SU(2) triplet
of real scalar fields, (Φ)i = φi, where Y is the U(1) charge operator. The scalar potential
is given by

V (Φ) = −1
2m

2ΦTΦ + λ
(
ΦTΦ

)2
.

(i) [5 marks] Show that when Φ acquires a vacuum expectation value with 〈φi〉 = vi and

the symmetry is spontaneously broken, if
3∑

k=1

(T a)jkvk 6= 0, then
3∑

k=1

(T a)jkvk is an

eigenvector of the mass squared matrix, ∂2V (Φ)
∂φi∂φj

∣∣∣
Φ=〈Φ〉

with eigenvalue zero.

(ii) [10 marks] Assuming the electrically neutral (Q = 0) member of the scalar triplet
acquires a vacuum expectation value (where Q = T 3+Y/2), compute the vector boson
masses and identify the subgroup that remains unbroken. Determine the identity and
mass of the physical Higgs scalar in this model.

[The generators of SU(2) for the triplet representation are given by (T a)bc = −iεabc]

A15272W1 Page 4 of 4 End of Last Page


